A nonlinear fluid-elastic continuum model for the dynamics of a slender cantilevered plate subjected to axial flow directed from the free end to the clamped end, also known as the inverted flag problem, is proposed. The extension of elongated body theory to large-amplitude rotations of the plate mid-plane along with Bollay's nonlinear wing theory is employed in order to express the fluid-related forces acting on the plate, while retaining all time-dependent terms in both modelling and numerical simulations; the unsteady fluid forces due to vortex shedding are not included. Euler-Bernoulli beam theory with exact kinematics and inextensibility is employed to derive the nonlinear partial integro-differential equation governing the dynamics of the plate. Discretization in space is carried out via a conventional Galerkin scheme using the linear mode-shapes of a cantilevered beam in vacuum. The pseudo-arclength continuation technique is adapted to construct bifurcation diagrams in terms of the flow velocity, in order to gain insight into the stability and post-critical behaviour of the system. Integration in time is conducted using Gear's backward differentiation formula. The sensitivity of the nonlinear response of the system to different parameters such as the aspect ratio, mass ratio, initial inclination of the flag, and viscous drag coefficient is investigated through extensive numerical simulations. It is shown that for flags of small aspect ratio the undeflected static equilibrium is stable prior to a subcritical pitchfork bifurcation. For flags of sufficiently large aspect ratio, however, the first instability encountered is a supercritical Hopf bifurcation giving rise to flapping motion around the undeflected static equilibrium; increasing the flow velocity further, the flag then displays flapping motions around deflected static equilibria, which later lead to fully-deflected static states at even higher flow velocities. The results exposed in this study help understand the dynamics of the inverted-flag problem in the limit of inviscid flow theory.
First time and second space derivative Dimensionless counterpart of
Introduction
The dynamics of cantilevered plates in incompressible reverse axial flows, otherwise known as inverted flags, is of considerable interest, not only as an abstract problem with rich dynamics, but also for engineering applications such as small scale energy harvesting systems [19, 28] and heat transfer enhancement in heat exchangers [35, 20] . Generally speaking, an inverted flag may lose stability at a sufficiently high flow velocity and exhibit a flapping motion. A familiar example is the flapping motion of leaves in the wind. There has been ongoing research on this fluid-structure interaction problem over the past few years, with the aim of understanding the essential dynamics. These studies may be classified into three categories: experimental investigations, computational fluid dynamics (CFD) analyses utilizing numerical solvers for the Navier-Stokes equations, and analytical studies using simplified continuum expressions for the aerodynamic forces.
Starting with analytical and experimental studies, a linear stability analysis was first carried out by Guo & Païdoussis [12] who employed inviscid potential flow theory to predict the onset of oscillatory instability. They showed that free-clamped plates (inverted flags) flutter at critical velocities inversely proportional to their mass ratios 1 . The flapping motion of inverted flags subjected to uniform air and water flows was explored in the pioneering experimental work of Kim et al. [15] . Three regimes were reported as the flow velocity was varied: the straight (undeflected) stationary regime, the flapping regime with large amplitude, and a fully deflected static regime. Bistable states were also observed in the transition from straight-to-flapping and flapping-to-deflected regimes.
This work was pursued by Sader et al. [24, 25] who conducted experiments on inverted flags of various aspect ratios. Their experimental observations revealed that the aspect ratio of a flag can dramatically alter the dynamics. In particular, slender flags exhibit a buckling behaviour via a static divergence instability. Intermediately wide flags, on the other hand, undergo an abrupt flapping motion prior to a fully deflected regime, with a highly curved shape, via buckling. Moreover, they reported that the undeflected static equilibrium of inverted flags with smaller aspect ratios loses stability at higher critical flow velocities. In their first study, in conjunction with mathematical modelling based on a linear aerodynamic theory and a scaling analysis, Sader et al. [24] concluded that flapping motion of inverted flags subjected to heavy fluid loading (light flags) is a vortex-induced vibration (VIV). For light fluid loading (heavy flags), however, the inverted flag cannot undergo a VIV, despite displaying large-amplitude flapping; the comprehension of the mechanism involved requires further work. In their second study, in addition to experimental measurements, Sader et al. [25] undertook a nonlinear theoretical investigation and provided an analytical framework to explore the stability and dynamics of inverted flags in the asymptotic limit of zero aspect ratio, within the restricted framework of steady fluid forces. Moreover, they formulated a mathematical solution to predict the onset of the static bifurcation for inverted flags with various aspect ratios. More specifically, they employed a Padé approximant to correlate the two solutions for zero-aspect-ratio and two-dimensional flow limits, yielding a formula applicable over the entire range of aspect ratios studied; a very good quantitative agreement with measurements was found. They offered a reasonable qualitative explanation that the deflected shape of the flag, originating from the the static divergence point, presents a sharp leading edge to the impinging flow, and the resulting unsteady vortex shedding causes the flag to flap. This analysis was subsequently extended by the authors [31] to deal with intermediate aspect ratios, as well as asymmetric behaviour of inverted flags in the presence of an initial curvature along the plate.
All analytical models to date are restricted to steady-flow theories, and do not provide any mathematical formulation or numerical framework to explore the effect of time-dependent reactive forces. Such modelling disallows the possibility of capturing flapping motion, which is a feature of inverted flags of sufficiently large aspect ratio. The need of modelling such effects has motivated the present study.
From the computational fluid dynamics perspective, various investigations have contributed to the field. For instance, Tang et al. [29] performed a three-dimensional (3D) simulation using an immersed boundary lattice-Boltzmann approach focusing on low Reynolds number flows. They concluded that wider plates oscillate with a larger amplitude and undergo flapping motion at lower critical flow velocities. They also found that the stretchedstraight state of lighter plates is more stable. The effect of an initial angle of attack was also explored and it was shown that an asymmetric flapping regime emerges, which becomes narrower with an increasing angle of attack. In another study, Shoele and Mittal [28] investigated the energy-harvesting performance of inverted piezoelectric flags using an immersed boundary method. They also examined the effect of the initial inclination of an inverted flag to the impinging flow and showed that the dynamic response of the system is relatively insensitive to small deviations in the initial inclination angle. Gurugubelli and Jaiman [14] employed a second-order scheme combining the finite element procedure with the arbitrary Lagrangian-Eulerian (ALE) approach to conduct a two-dimensional (2D) numerical simulation on the inverted flag problem and found that the mass ratio affects the transition from large-amplitude flapping motion to moderate flapping around the deflected position of the inverted flag. In another study [13] , they performed 3D numerical experiments, considering periodic boundary conditions in the spanwise direction while ignoring the side vortices to explore the influence of trailing edge vortices on the large-amplitude flapping of inverted flags. In a recent study, Goza et al. [11] employed an immersed boundary method to study the nonlinear response and stability of inverted flags and explored the effect of Reynolds number as well as the mass ratio parameter on the system dynamics for a wide range of flow velocities. They concluded that the mass ratio has a negligible effect on the onset of flapping. They also concluded that heavy flags are subject to a 'non-classical-VIV' flapping mechanism, in which, as opposed to 'classical VIV', the flapping regime is not the result of frequency synchronisation between flapping and vortex shedding.
The analytical work by Sader et al. [24] and the numerical simulations by Goza et al. [11] showed the susceptibility of VIV to the mass ratio parameter. In contrast to light flags, the synchronisation of flapping and vortex shedding is lost in the case of heavy flags. Goza et al. [11] moreover demonstrated that at very low Reynolds numbers, where vortex shedding is essentially absent, large-amplitude flapping still occurs for heavy flags. Hence, they concluded that the mechanism generating the flapping motion of heavy flags is distinct from VIV. They attributed the flapping to the instability of the deformed equilibria of the system.
The non-VIV flapping motion identified by Goza et al. [11] has motivated the current study. The emergence of flapping motion for low mass ratio flags in low Reynolds number flow, where vortex shedding does not occur, impelled us to consider the importance of the effect of unsteady forces arising from changes in the fluid-flow momentum due to motion of the immersed flag. Of particular interest is the investigation of flow-induced oscillation of heavy inverted flags with mass ratios of O.1/, with the aid of well-established inviscid flow theories available in the literature. Indeed, the nonlinear large-amplitude flapping of an inverted flag is a challenging fully coupled fluid-structure interaction problem for which computational techniques are particularly expensive. Despite advances in CFD techniques and computing power, analytical models are still preferable for conducting simplified numerical simulations and interpreting experimental observations in a straightforward fashion. To further support the use of inviscid potential flow theory, it has been observed experimentally that the flow around the leading edge of the inverted flag reattaches at middle stroke, where the angle of attack is relatively large [36] . In addition, analytical inviscid expressions for the normal force acting on low-aspect-ratio plates have yielded good predictions for angles of attack up to approximately 40 ı , before massive separation at the leading edge and stall occurs [2, 33, 5] . Accordingly, inviscid forces are dominant, at least at the region with moderate angles of attack, thus justifying the preference for inviscid potential flow theory.
To the best of our knowledge, there is no analytical study in the literature on the nonlinear dynamical response of inverted flags subjected to axial flow accounting for velocity-dependent forces. The present paper aims at producing such a model in the limit case of slender flexible plates, and testing its capability to predict the dynamical behaviour of heavy slender inverted flags in axial flow, such as the onset of instabilities, frequency and amplitude of flapping, as well as elucidating the physical mechanisms involved in the transition between different dynamical states.
To this end, continuum representations of fluid-flow forces are detailed on the basis of the large amplitude elongated body theory [17] to formulate the reactive force and Bollay's model to express the nonlinear vortex lift mechanism, with no account for the vortex shedding mechanism from the leading edge. Hamilton's principle is employed to balance the kinetic and potential energies of the inverted flag and the virtual work of flow forces and damping. More specifically, the kinematics is covered in Section 2.1, constitutive equations in Section 2.2, and conditions of equilibrium leading to final equation of motion in Section 2.3. The resultant partial-integro-differential equation is discretized spatially by means of a conventional Galerkin procedure and is recast in a set of nonlinear ordinary differential equations (ODEs). The nonlinear response of the system is explored in detail by utilizing direct time-stepping integration together with bifurcation analysis. In particular, the ODEs are solved in time using Gear's backward differentiation, and bifurcation diagrams are constructed with the aid of the pseudo-arclength continuation technique. The sensitivity of the dynamics to the aspect ratio, mass ratio, incidence angle, and viscous drag is also explored. The results are summarized in the form of bifurcation diagrams to identify transitions between various regimes.
Analytical model
In this section, a nonlinear model is developed for the inverted flag/plate problem. First, the problem is defined mathematically. Expressions for fluid forces are formulated separately, and the nonlinear integro-partial-differential equations governing the rotation of the mid-plane are derived. These equations are non-dimensionalized and then discretized via the Galerkin method.
Problem geometry
The system considered is shown in Figure 1 (a) consisting of a vertical cantilevered thin plate subjected to an inviscid axial flow impinging to its free end. The plate has length L, width H , thickness h, transverse moment of inertia I , cross-sectional area A, surface area S , and flexural rigidity D. The mechanical properties of the plate, i.e., its density, Poisson ratio, Young's modulus, and internal damping coefficient are denoted by p , , E, and , respectively; f stands for the density of the fluid flowing with mean flow velocity U . A right-handed Cartesian reference system .OI x; y; z/ is considered, with axes x i and z k being the axial and the transverse directions, respectively. The transverse and longitudinal motions w.x; t/ and u.x; t/ of a generic point at a distance z from the mid-plane on the cross-section of the flag are shown in Figure 1 (b); t denotes time. The inextensibility assumption [27] reads .1 C @ x u.x; t// 2 C @ x w.x; t/ 2 D 1, with @ x denoting the spatial derivative; it enforces a constant flag length during deformation. As a consequence, w and u can be expressed in terms of only the slope , which is also the rotation 
Considering a deflected plate, the relative velocity of the solid with respect to the incident flow reads V rel .x; t/ D . P u.x; t/ C U /i C P w.x; t/k. Upon projection on the normal and tangential directions, the normal and the tangential components of the relative velocity respectively are: V n .x; t/ D . . P u C U / sin C P w cos /n;
Defining the instantaneous angle of attack˛as the instantaneous inclination between the chord-line and the relative velocity vector, one obtains
Fluid modelling
The purpose of the present study is to gain insight into the factors affecting the dynamics of small aspect ratio inverted flags. While this could be treated by fully-coupled fluid-structure interaction (FSI) solvers and CFD schemes, it is of interest to develop a model which is predominantly analytical. This provides an opportunity to better understand the underlying aerodynamic effects. Besides, direct numerical simulation of such a complex FSI problem is particularly expensive. Hence, an analytical expression of the fluid flow forces is developed in the present study. The flow is analyzed as if it were inviscid in order to find the pressure-related forces, provided that there is no flow separation at the leading edge, even for relatively large angles of attack. The strong vortex formation along the lateral edges of the flag is approximated by Bollay's nonlinear wing theory [2] . Then, semi-analytical expressions are added for viscous forces acting on the plate. It is nevertheless recognized that the applicability of inviscid theory depends on whether the flow remains attached. Hence, the predictions for aspect ratios larger than unity, for which massive separation occurs, are limited to small angles of attack [5] . The proposed model is based on the large amplitude elongated body theory [17] to obtain the reactive fluid forces associated with the relative motion of the inverted flag with respect to the incident flow. This model has been successfully employed in a number of studies, showing the reliability of predictions of the flapping motion in comparison with Navier-Stokes simulations [3] and a full three-dimensional panel method [37] for aspect ratios of O.1/ [6, 34, 8] . According to the large amplitude elongated body theory, the reactive force relates to the balance of the rate of change of solid and fluid momenta and the pressure force acting in the tangential direction corresponding to the quadratic terms in Bernoulli's equation [16] . As such, the inviscid pressure force is expressed as
The n component of F N gives the magnitude of the reactive force (per unit length) acting on the flag, as shown in Figure 2 . Inserting the expressions for the normal and tangential components of the relative velocity in Eq. (4) gives Figure 2 : Schematic of the forces acting on a generic infinitesimal element of the plate.
The nonlinear vortex lift associated to the circulation of the side-edge vortices and the distribution of spanwise vorticity is devised based on Bollay's nonlinear wing theory [2] . Briefly, Bollay obtained the induced velocity originating from the system of vortices at a generic point of the plate and calculated the normal force per unit length associated with the cross-flow component of the flow velocity. The expression for the normal force given in [2] is not explicit, though approximate expressions can be sought based on the assumption made by Gersten in [10] 2 or analogously based on Polhamus' work [23, 31] . Hence, the normal force reads
where K p and K v are coefficients reflecting the circulation and side-edge vortex flow, and are determined for various aspect ratios, according to the technique implemented in [31] ; A denotes the aspect ratio of the flag. The curves obtained for the K p and K v coefficients over a range of aspect ratios is shown in Figure 3 ; the reader is referred to a previous study [31] by the authors for more details. These values depend only on the aspect ratio of the inverted flag. For instance, for the case of an infinitely long plate (i.e., zero aspect ratio), K v D 2 and K p D 0. The value of K v (K p ) decreases (increases) with an increase in the flag aspect ratio and approaches zero (2) as the aspect ratio approaches infinity. Inserting Eq. (3) in Eq. (6), one obtains
The uniform distribution of tangential aerodynamic force acting on the flag due to the viscous effects of the fluid flow simplifies to
where K is the coefficient of the effective drag caused by viscous stresses acting on the flag and can be determined using the semi-empirical expressions proposed by Taylor [32] (see, for instance [26] ) or utilizing a Blasius-type solution for either turbulent or laminar flows (see, for instance [34] ). This allows for the approximate treatment of the viscous drag. The effect of K on the system dynamics is discussed through extensive numerical tests in Section 3.6.
Equation of motion
The inverted flag is idealized as a cantilevered elastic beam shown in Figure 1 . The conventional nonlinear Euler-Bernoulli beam theory is considered and the equation of motion is obtained via Hamilton's principle. The variation of the kinetic energy of the inverted flag system is given by
being the second moment of inertia. The expression for the variation of the strain energy of the system is expressed as
where D D EI denotes the flexural rigidity of a slender inverted flag; for a flag of large aspect ratio, the plane-strain flexural rigidity D D EI =.1 2 / is considered. The virtual work associated with the fluid-dynamic forces can be expressed as
The virtual work done by the Kelvin-Voigt structural damping and the dissipation due to fluid viscosity is
where is the material viscosity damping and c the fluid damping coefficient [8] 3 . Inserting expressions (8), (7) and (5) into Eq. (11) and substituting the resultant along with Eqs. (9), (10) and (12) into the expression for the extended Hamilton's principle
Utilizing the dimensionless parameters x D x=L, t D t=,ˇD I =.
in which f is the frequency of flapping and D p p A=DL 2 , yields the following dimensionless nonlinear equation of motion (in which the asterisk notation has been dropped for simplicity):
Using the notation D p =…, 
System dynamics
The set of ODEs is solved by means of the AUTO software [7, 18] which uses the pseudo-arclength continuation technique to construct bifurcation diagrams. This technique performs continuation of both stable and unstable solution branches. Time integration is performed via Gear's backward differentiation formula [9] . For the problem at hand, the DIVPAG routine of the IMSL library is used. Time histories of the amplitude of oscillation are used to plot phase-plane portraits, Fast Fourier transforms (FFT), and static as well as flapping flag shapes at points of interest in the parameter space. The FFT is obtained once the transient response has decayed, and the mean amplitude of each harmonic is calculated. Flag shapes are retrieved through Eq. (1). In all bifurcation diagrams, continuous and dashed lines represent stable and unstable branches of the solution, respectively. Each colour used therein corresponds to a specific regime in the range of flow velocities considered.
Numerical parameters
In this study, six modes are employed to discretize Eq. (15) (i.e. M D 6); this is sufficient to reach convergence. Moreover, the following parameters are utilized [25] : L D 30 cm, h D 1 mm, p D 1200 kg m 3 , f D 1:2 kg m 3 , E D 2:4 GPa, D 0:38, and s D 0:008. The viscous damping coefficient c d is replaced by 2! 1 where is the modal damping ratio and ! 1 is the first dimensionless natural frequency. The modal damping ratio is set at 0:05. The dynamics of the system depends on five dimensionless parameters: the dimensionless flow velocity …, the flag aspect ratio A, the incidence angle 0 , and the viscous drag coefficient k . Here, … is selected as the bifurcation parameter while other parameters are kept constant.
Possible regimes
With the dimensionless parameters D 0:3, A D 0:5 and k D 0:01 which yield k p D 0:745 and k v D 0:895, four distinct regimes are captured; the corresponding bifurcation diagram is displayed in Figure 4 . As the flow velocity is increased, a sequence of regimes emerges as follows:
i) The undeflected static equilibrium where the inverted flag is stable. Small disturbances generate a motion that ultimately dies out. ii) The undeflected static equilibrium loses stability at point A where … D 0:91 via a supercritical Hopf bifurcation from which emanates limit-cycle motion 4 . In other words, the inverted flag then undergoes a large-amplitude flapping motion around the undeflected static equilibrium. This regime survives over a range of … 2 OE0:91 8:71 and the amplitude of flapping increases with flow velocity. Figure 5 shows the time history, phase-plane portrait and FFT-plot harmonic content with the frequency of oscillation f D 0:40 at … D 6:00, from which a periodic flapping motion is identified which develops after the transient regime. iii) Increasing the flow velocity causes a transition from the flapping regime around the undeflected equilibrium to a deformed-flapping regime wherein the oscillation is around a deflected equilibrium. Transition between these regimes is accompanied by a jump in the amplitude and frequency of flapping via two saddle-node bifurcations at points B and C where … D 8:71 and … D 8:53, respectively. This motion can be observed in the range … 2 OE8:53 9:47. Figure 6 depicts the time history and the phase-plane portrait at … D 9:00 displaying a periodic motion, as well as a FFT plot showing the harmonic content of the response; the frequency of oscillation is f D 0:55. 0 T iv) The flapping motion ceases upon further increase in the flow velocity. The system response switches to a fully-deflected regime via a Hopf bifurcation at point D where … D 9:47. Beyond that, the response of the system is attracted to stable large-amplitude deflected equilibria, and the inverted flag bends over one side. The tip rotation increases with flow velocity and the tip transverse deflection remains almost constant at its maximum value.
It should be noted that the response of the system is symmetric with respect to the undeflected equilibrium state and the inverted flag may flap around deflected equilibria (buckled state) on either side. In this paper, flapping around one side is plotted only, so that one can properly distinguish flapping around the undeflected static equilibrium and flapping around the deflected static equilibria. Both trivial and nontrivial unstable equilibria of the system, connecting the two Hopf bifurcation points, are shown in the bifurcation diagram as dashed lines. It is seen that, for the system studied here, the nontrivial static solution emerges from the bifurcation point E where … D 10:6 and folds at point F where … D 6:6.
The variation of the dimensionless frequency with … is plotted in Figure 7 . With increasing …, the flapping frequency decreases first and then recovers slightly at … D 2:95. The frequency increases sharply and monotonically for … 2 OE8:53 9:47, wherein the flapping around the deflected equilibrium takes place. This change in trend is accompanied by an abrupt increase in frequency. In order to compare the response of the system in different regimes further, the (flapping) shapes of the inverted flag system are plotted in Figure 8 . Subfigure 8(a) shows the undeflected flag for velocities below the critical value, that is … 0:91. In subfigure 8(b), the inverted flag displays large-amplitude flapping motion at … D 6:00. It can be noticed that the transverse motion of the system is predominantly in the fundamental mode of a cantilevered beam. The deformed-flapping regime (oscillation around the deflected equilibrium) can be observed in subfigure 8(c) where … D 9:00, and finally, the fully-deflected state is shown in subfigure 8(d) for … D 20:00. It is nevertheless recognized that the validity of the proposed model deteriorates when the flag exhibits highly curved shapes. Indeed, at very large angles of attack, massive separation occurs leading to the normal force stall, which in turn can cause a sudden decrease in the amplitude of oscillation. The normal force stall phenomenon cannot be captured by inviscid flow theory, which naturally, neglects such viscous effects. Furthermore, the model ignores the effects of the unsteady vortex shedding at high flow rate in the fully-deflected regime; the results shown for this regime should be regarded with some caution, considering this limitation.
Sensitivity to aspect ratio
It is clear from Eqs. Figure 9 . As seen in subfigure 9(a), flapping motions do not exist for A D 0:1. When the flow velocity increases, the inverted flag deflects abruptly from its stable undeflected equilibrium to a stable deflected equilibrium via a subcritical pitchfork bifurcation at … D 33:1. Thus, the inverted flag may undergo a sudden large-amplitude deformation under small perturbation, even at flow velocities lower than the critical value (i.e. … 33:1) due to the emergence of stable deflected equilibria emerging from a saddle-node bifurcation at … D 8:6. This behaviour agrees with other existing analytical studies [25, 31] . One underlying reason for this is that when the aspect ratio is small, the contribution of the reactive component of the fluid forces is weak and the vortex force and viscous damping may dominate. In this case, the steady parts of the fluid forces are responsible for initiating the instability, in the form of a static divergence, also known as buckling, via a pitchfork bifurcation. Moreover, the response of the system is strongly subcritical due to the contribution of the nonlinear term in the normal force acting on the inverted flag (see Eq. (6)). More specifically, for small aspect ratios, k v ! 2 while k p ! 0. As such, the solution branches meet at relatively large … (e.g. … D 33:1 for A D 0:1, Figure 9 (a)) where new solutions branch off from the trivial solution and fold at a relatively small … (e.g. … D 8:6 for A D 0:1). This results in a wide range of bistability.
As the aspect ratio becomes larger, in Figure 9 (b)-9(d), the destabilizing reactive component of the fluid forces comes into play. This materializes as a supercritical Hopf bifurcation prior to the pitchfork bifurcation, thereby establishing a limit-cycle oscillation. More specifically, the Coriolis term in Eq. (15) proportional to … generates a reaction on the inverted flag in the direction of motion. Inverted flags of sufficiently large aspect ratios undergo a large-amplitude flapping motion via a supercritical Hopf bifurcation. In particular, a Hopf bifurcation materializes at … D 4:41 preceding the saddle-node bifurcation at … D 7:75 for the flag with A D 0:25 (Figure 9(b) ), giving rise to oscillation with relatively small amplitude since max t 2OE0 T .w.L; t// D 0:08 at … D 8:0. A range of bistability can be observed for … 2 OE7:75 12:08, wherein the response of the system could be attracted by either the stable limit cycle around the origin or the deflected equilibrium. The unstable solutions to Eq. (15) (shown as dashed lines) separate the basin of attraction of the stable limit cycle around the origin from that about the deflected equilibrium. In other words, systems with initial conditions close to the deflected equilibrium are attracted by the fixed point.
Remarkably, for sufficiently large aspect ratios, the system dynamics is more complicated. In particular, for A D 0:35 (Figure 9 (c)), the system displays a deformed-flapping motion for … 2 OE8:25 9:95. Comparing the A D 0:35 and A D 0:5 cases (shown in subfigures 9(c) and 9(d), respectively), it is seen that the deformedflapping regime narrows down and the amplitude of flapping grows faster with increasing aspect ratio. It should be realized, however, that for a true inverted flag with A > 0:2, the large amplitude flapping takes place abruptly, and the amplitude of oscillations varies substantially with …. To improve the results, a nonlinear analytical model accounting for the unsteady vortex shedding is called for, which is not a trivial task and virtually cannot be done in its entirety.
Moreover, the proposed model suggests that the critical flow velocity for the onset of large amplitude flapping approaches zero as A increases, as a result of an increase in the magnitude of the Coriolis force (refer to the discussion in Section 3.5). This signals that the validity of the slender body model deteriorates as the aspect ratio increases.
Influence of mass ratio
As evidenced in Eq. (15), the mass ratio parameter is associated with the added mass effect and velocity-related terms. This parameter plays no role in the static solution (fixed points) but makes a significant contribution to the stability of the solution branches. More specifically, ignoring time derivatives in Eq. (15) results in a set of algebraic equations yielding the static response of the system only. In the absence of time-derivative terms in Eq. (15) or in the presence of a heavy damping, this static solution is stable prior to a pitchfork bifurcation, and it regains stability after the folding point (saddle-node bifurcation). On the other hand, introducing time-derivative terms associated with unsteady fluid forces and performing a stability analysis leads to the detection of a Hopf bifurcation. Figure 10 compares the theoretical results obtained by the proposed model with large damping and experimental data reported by Sader et al. [25] with additional damping. The Hopf bifurcation does not occur, and hence the deflected equilibrium becomes stable, which agrees with the statement made just above. Interestingly, a fairly good qualitative and quantitative agreement can be seen in this figure. More specifically, Figure 10 shows a similar trend in the response calculated by the present model and the experimental results. Furthermore, it is seen that the subcritical behaviour of the response becomes weaker as A increases. Quantitative agreement may be assessed by comparing the critical flow velocity for the saddle-node bifurcation (point F in Figure 4(a) ). For instance, the present theory predicts … F D 6:6 for a slender inverted flag with A D 0:5, whereas from the experimental data in [25] , … F ' 6:7.
On the other hand, it is evident that there is a discrepancy between theory and experiment with regard to the deflection amplitude. This is likely caused by unsteady flow forces (arising from vortex shedding) leading to a change in the mean forces on the flag, which in turn leads to a different defected equilibrium. Agreement with experiment could well improve substantially if vortex shedding were included in the model. Figure 11 shows the effect of on the nonlinear response of the inverted flag. The aim here is to investigate the relation between the length of the flag L and f , the critical flow velocity … c for flapping (which is also a function of L), as well as the amplitude of flapping, while the other physical parameters of the system ( f , p , h, and D) are fixed. As seen in Figure 11 amplitude oscillations. The critical velocity precipitating flapping is inversely proportional to the mass ratio. This endorses the linear stability analysis performed by Guo & Païdoussis [12] . The transition from the limit-cycle in the vicinity of the origin to the one in the neighbourhood of the buckled state (the deformed-flapping regime) is also affected by the mass ratio: increasing delays the transition between the two regimes. For instance, the saddle-node bifurcation occurs at … D 7:7 for D 0:2, while it materializes at … D 8:9 for D 0:4. The stable limit-cycle around the buckled state (in the range … ' 8 to 9 for D 0:2 0:4) disappears for D 0:1. Interestingly, the bifurcated solution exhibits a subcritical behaviour for D 0:4, suggesting that there is hysteresis in the critical … obtained with decreasing and increasing flow velocity, as shown in the inset of Figure 11(a) . The corresponding periodic solution loses stability via a saddle-node bifurcation at … D 1:78. The emerging unstable limit cycle folds at a second saddle-node bifurcation point … D 1:72 which corresponds to a restabilization of the periodic solution to one of slightly higher frequency and larger amplitude.
The mass ratio also affects the frequency of oscillation, as shown in Figure 11(b) . For all cases, the flapping frequency decreases with the flow velocity. Furthermore, for a range of flow velocities associated with largeamplitude flapping around the undeflected equilibrium, the frequency of oscillation decreases with decreasing . Cases with 0:2 studied here display an abrupt change in the frequency with increasing …, corresponding to the change in the motion from large-amplitude motion around the origin to flapping around a deformed equilibrium (deformed-flapping regime).
Strengths and limitations of the proposed model
As with any theoretical study, the proposed model has both strengths and limitations. In this section, we address the similarities and differences in dynamical behaviour of small-aspect-ratio inverted flags as obtained via the proposed model and other theoretical/experimental studies in the literature, and we discuss the potential sources of anomalies as much as possible, putting the emphasis on physical understanding.
The measurements in [25, Figure 8 ] for A D 0:5 show that the undeflected equilibrium is stable for … . 6. This can also be inferred from figure 5 of that study which gives the critical dimensionless flow velocities for the bifurcation of the zero-deflection equilibrium. It can also be seen therein that the large-amplitude flapping is the global attractor for flow rates beyond this critical flow velocity. In other words, the inverted flag with A D 0:5 undergoes large-amplitude flapping at circa … D 6. Furthermore, the sequence of "straight!flapping!fullydeflected" states for A 0:2 is also available from measurements [24] .
In this sense, the present results are in fair agreement with the experimental observations on the global dynamical behaviour (i.e. the type of instabilities and their sequence) of low-aspect-ratio inverted flags. Additionally, there is agreement with the 3D simulations of Tang et al. [29] , predicting a similar qualitative behaviour to that in this paper for inverted flags, namely a strong sensitivity of the onset of flapping to the mass ratio parameter, signaling that the loss of stability of the trivial equilibrium is via a Hopf bifurcation.
While comparisons above provide partial agreement between the sequence of flow regimes shown in Figure 8 of the present paper with [24, Figure 3 ], as well as the computational study of Tang et al. [29] , we have noted a strong discrepancy between the structure of the bifurcation diagram predicted by the proposed model and that predicted via 2D simulations by Goza et al. [11] for infinitely wide inverted flags. More specifically, they identify a stable deformed equilibrium associated with a buckled configuration of the flag, emerging from a supercritical pitchfork bifurcation.
Moreover, the strong sensitivity shown to the mass ratio parameter in Figure 11 shows a rather severe disagreement with the experimental observations by Kim et al. [15] , who reported no significant change in the critical flow velocity, while varying the mass ratio -although only two data points were obtained, 0:4 in air and 320 in water, and the mechanism of instability for the two systems may be of two totally distinct types, as shown by Sader et al. [24] and Goza et al. [11] .
Based on the experimental observations of Kim et al. [15] on the influence of the mass ratio, Sader et al. [25, 24] employed steady-flow models and proposed a mathematical formula, connecting the critical velocity of the static saddle-node bifurcation calculated for a zero-aspect-ratio flag and that of the static divergence obtained for a flag of infinite aspect ratio. The model predicts that a flag with A D 0:5 undergoes a static deflection at … D 5:17, which is in good agreement with measurements. Sader et al. [25] attributed this instability to the onset of flapping observed in measurements for A D 0:5 at circa … D 6. They explained that, at this point, the flag is deflected, presenting a sharp leading edge to the impinging flow, and thus the resulting unsteady vortex shedding causes the flag to oscillate via a vortex-induced vibration mechanism.
By virtue of this conclusion, the primary limitation of the model proposed in this paper may arise from the inherent absence of unsteady vortex shedding at large angles of attack, and the approximation employed to formulate the unsteady force arising from the vortex formation along the lateral edges of the flag.
One may employ a steady-flow model, omitting the time-dependent terms in Eq. (15) (ignoring the effect of the accelerated air as it passes over and under the flag). As a result, the bifurcation diagram in Figure 4 Sader et al. [25] , the onset of flapping can be attributed to the first instability (i.e. the static saddle-node bifurcation, marked by point F) at … D 6:6. Although a very good quantitative agreement can be found, no explanation can be proposed on how the undeflected equilibrium remains stable for velocities lower than point E; omitting unsteady forces leads to a subcritical pitchfork bifurcation for inverted flags of non-zero aspect ratio. Time-derivative terms, however, are essential in performing stability analyses on the branches of the obtained solution.
In this paper, it was found that taking into account the effect of unsteady forces -arising from the changing fluid flow momentum due to the oscillating inverted flag -causes the undeflected equilibrium to become linearly unstable. The negative damping in the system, induced by the Coriolis force, overcomes the stabilizing forces for the case of sufficiently large aspect ratio flags. The mechanism of this instability is found to be via a Hopf bifurcation with a critical velocity inversely proportional to . Our calculations show that this instability is very marginal and weak for very small aspect-ratio flags (the imaginary part of the complex eigenfrequency of the unstable mode is very small in magnitude and could easily become positive when damping is introduced), in line with observations by Sader et al. [25] . For larger aspect ratio flags, however, the Coriolis force becomes more dominant and becomes larger with increasing flow velocity. The first mode loses stability via a Hopf bifurcation, leading to large-amplitude limit cycle oscillations. At sufficiently high flow velocities, the vortex lift force, F R , which opposes the Coriolis force, grows in magnitude, and this leads the non-trivial static solution (deflected equilibrium) to regain stability.
The loss of stability via a Hopf bifurcation for inverted flags with A & 0:1 differs from the speculation of a divergence instability proposed in [15, 24, 25] as outlined above. A reason for that could be the limitation of using an approximation of the dissipative effect of the surrounding fluid, instead of performing a full viscous flow calculation. The approximations used in the present study to model 3D effects may not be accurate enough to fully describe the underlying mechanism of the first instability, but the similarity of predictions with those of Tang et al. [29] who used numerical methods to solve 3D Navier-Stokes equations leaves us with no definite conclusion. One possible improvement for analytical modelling of the problem, taking into account the 3D effects, may be to combine reactive and vortex-lift effects by extending Bollay's nonlinear lift theory to a plate with arbitrary curvature along its length, retaining the unsteady effects due to the shed vortices.
Further elucidation of 3D effects requires future studies.
Sensitivity to viscous drag
In this section, an attempt has been made to improve the fluid-forces approximated in the foregoing on viscous drag and to explore the effect on the stability and post-critical response of the system (refer to [30] ). The effect of the viscous drag k on the response is investigated numerically, and the results are shown in Figure 13 . The system considered is a system with the mechanical parameters detailed in Figure 4 , but with k varied. It should be emphasized that the viscous drag is assumed to be evenly distributed along the plate and is associated with a constant viscous drag coefficient k ; also, its contribution in the drag force (in the longitudinal direction) is considered only [30] . As a first approximation for the viscous drag coefficient, the Blasius-type solution is used for both laminar and turbulent cases, that is k D for a turbulent flow; (17) where Re D UL= f denotes the Reynolds number, f being the fluid kinematic viscosity. For the calculation of the viscous drag modelled using Eq. (17), Re D 5 10 4 is considered. Furthermore, according to the measurements by Kim et al. [15] , the value of the total drag (i.e., the summation of the viscous drag and the inviscid force component in the drag direction) is reported as being around 0:08 before flapping is initiated, and it jumps to around 1:0 at the critical point. The effect of this parameter is further investigated for a wider range here. Figure 13 depicts the sensitivity to viscous drag. The effect of this parameter on the first bifurcation (where the stretched-straight state becomes unstable) is insignificant. However, with increasing k , subsequent bifurcations take place at lower flow velocities. In particular, the first Hopf bifurcation shifts slightly to the left in the bifurcation diagram, and the pitchfork bifurcation as well as the second Hopf bifurcation (where the deflected equilibrium becomes unstable) occur at smaller … when k is increased. Therefore, the drag coefficient significantly affects the interval of existence of the flapping regime. Furthermore, at a given value of … in the flapping regime, the amplitude of oscillation decreases with increasing k . The role of the viscous drag is more significant in the range of deformed-flapping regime. This range narrows down with larger k until it vanishes. Moreover, at a fixed flow velocity, the amplitude of the static equilibrium grows with k .
Sensitivity to angle of incidence
It is of interest to explore the dynamics of the system when the neutral plane of the inverted flag is not perfectly parallel to the direction of the undisturbed flow, as illustrated in Figure 14 . Considering a small angle of incidence, the 
A sensitivity analysis on the effect of the angle of incidence on the dynamics has been performed by considering four angles 0 . The resulting bifurcation diagrams are plotted in Figure 15 . As seen in Figure 15 (a), a small angle of incidence ( 0 D 0:1, corresponding to 5:7 ı ) breaks the symmetric response of the system, and the pitchfork bifurcation is replaced by a saddle-node bifurcation. The inverted flag exhibits an asymmetric flapping motion with a slight deviation from symmetric flapping. More interesting behaviour can be observed for larger values of 0 . Figure 15 (b) shows the bifurcation diagram for 0 D 0:2. Four jumps associated with four saddle-node bifurcations are observed. More specifically, increasing the flow velocity, the amplitude of oscillation increases reaching to max t 2OE0 T . .L; t// D 7=25 at … D 4:73. At this point, the response of the system exhibits a jump and morphs into a large-amplitude limit-cycle. Further increasing the flow velocity leads to an additional jump at … D 6:55. A reverse scenario is expected when the system is initially flapping with a large amplitude and the flow velocity is decreased. The system then undergoes a jump at … D 2:76 and is attracted to the static equilibrium. The first two saddle-node bifurcations bracket a bistable region wherein the response of the system is attracted either by the stable limit cycles or the stable fixed points. The bistable region becomes narrower for larger values of 0 (for instance, for 0 D 0:3 in Figure 15 (c)), and eventually is replaced by a gradual growth of oscillation amplitude (see Figure 15 (d) for 0 D 0:4).
In Figure 15 , a small 0 does not affect the large-amplitude asymmetric flapping regime much, signifying a relatively minor effect of small initial inclination on the amplitude oscillation. In particular, the peak-to-peak amplitude of the tip is 1:64 for 0 D 0:1 and 1:57 for 0 D 0:2, while it is 1:37 for 0 D 0:3 and 0:76 for 0 D 0:4. Thus, increasing 0 beyond 0 D 0:3 decreases the amplitude of asymmetric flapping significantly. In addition, the range of asymmetric flapping motions shrinks for inverted flags with larger angle of incidence, in line with the conclusions of Tang et al. [29] . Figure 16 shows the deflected or flapping shapes of the inverted flag with 0 D 0:4 by superimposing views of the flag motion in one cycle. The trend shown agrees with previous experiments conducted by Cossé et al. [4] : flapping emerges only on one side of the inverted flag for sufficiently large angles of incidence, and the flapping amplitude decreases with 0 . 
Concluding remarks
The nonlinear response of an inverted flag (thin elastic plate) was investigated in this paper. An analytical model was developed taking into account the geometric nonlinearities and the inertia of the flag. Fluid-related forces were treated independently by employing the extension of the large-amplitude elongated-body theory accounting for reactive forces acting on the flag, as well as a vortex lift mechanism based on Bollay's model, retaining unsteady (velocity-dependent) forces. The nonlinear partial integro-differential equation was first discretized via a Galerkin technique and then solved numerically using Gear's backward differentiation formula. Bifurcation diagrams were obtained through pseudo-arclength continuation. The results are presented as bifurcation diagrams, time histories, phase portraits, FFT plots, and flapping shapes, so as to explore the rich dynamical behaviour of the system. The overall nonlinear responses predicted by the analytical model exhibit several of qualitative similarities to those observed experimentally and reported in the literature. The responses exposed in this work indicate that the change in the flag aspect ratio substantially alters the dynamics. Although inverted flags of small aspect ratio do not exhibit flapping motion, inverted flags of sufficiently large aspect ratios do undergo a flapping motion. More specifically, in the case of slender inverted flags (i.e. flags of very small aspect ratio), the undeflected equilibrium loses stability via a subcritical pitchfork bifurcation giving rise to multiple additional equilibrium states. The unsteady component of the flow increases in strength with increasing aspect ratio. This results in quite intricate bifurcation mechanisms. It was seen that the undeflected equilibrium loses stability via a supercritical Hopf bifurcation in the first mode, the amplitude of which increases with the flow velocity. In particular, the inverted flag exhibits various dynamical regimes as the flow velocity is varied: (i) it initially resides at the undeflected equilibrium; (ii) it then exhibits a large-amplitude flapping motion around the undeflected equilibrium; (iii) this regime switches to a deformed-flapping motion; and finally, (iv) the system remains at the fully deflected static state with a highly curved shape.
The effect of various dimensionless parameters was investigated. It was shown that an initial angle of incidence affects the onset of flapping and the symmetry of the response. The stretched-straight state is replaced by a bent state, the amplitude of which subsequently increases with flow velocity. Increasing the angle of incidence results in a narrower range for the flapping regime, with smaller amplitude and stronger asymmetric oscillations.
It was found that flags with larger mass ratios display larger amplitude flapping and exhibit flapping at lower flow velocities.
It was also shown that the dynamical response is sensitive to viscous drag. Ignoring the viscous drag affects the response of the system considerably. In particular, it affects the range of flapping significantly and dampens the flapping motion around the deflected equilibrium.
Finally, in the present study, an attempt was made to explore the dominant physical mechanisms in the nonlinear dynamics of an inverted flag. Whereas there are a number of similarities in the results obtained here with measurements and results obtained by fully-coupled fluid-elastic simulations available in the literature, some inexplicable differences abide also. Differences were attributed to the limitations of inviscid flow theory. In particular, since the model is based on the assumption of attached flow, it is not expected to capture the aerodynamic forces beyond the angle where massive separation at the leading edge takes place. This phenomenon can cause a change in the mean forces on the flag, which in turn can lead to a different system response. The omission of unsteady fluid forces due to vortex shedding is also a strong limitation of this model. It can be said that the proposed analytical model is essentially useful for investigating the qualitative dynamics of inverted flags, and valuable for performing fast simulations to estimate the range of flow velocities wherein flapping takes place, but the results should be regarded with some caution considering the approximations employed. Improvements may be desirable in order to account for viscous effects and unsteady vortex shedding.
